Introduction
In [3] , the following semantical picture of modified realizability is sketched:
Consider the topos Set → , whose objects are functions between sets, and whose arrows are commutative squares. The logic of Set → corresponds to "Kripke forcing over a 2-element linear order".
Over Set → , one can define the standard realizability topos Eff → (not to be confused with Eff → !). The modified realizability topos, Mod , then is a closed subtopos of Eff → ; more precisely, Mod is the closed complement of Eff in Eff → . This means, that there is a subobject U of 1 in Eff → , or a global section 1 u → Ω, such that the internal topology in Eff → whose sheaves form Mod , is given by:
j(x) = x ∨ u At least for first order arithmetic, this means that a sentence φ is true in Mod , precisely when its "Friedman translation" (φ) U is true in Eff → .
Introduce an extra propositional constant U to the language, interpreted in Eff → by the arrow 1 u → Ω. The Friedman translation (see [1] ) puts (P ) U ≡ P ∨ U for atomic formulas P , and commutes with all (first order) logical operations.
Since Eff → is (standard, Kleene) realizability over Set → and the latter is Kripke forcing over Set, one has: * Most of the research for this paper was carried out during the PIONIER project "The Geometry of Logic", funded by the Dutch research Organization NWO and led by I. Moerdijk φ is true in Mod , precisely when the sentence 0 − "(φ) U is realizable" is true in Set.
The conjecture in the quoted paper [3] was, that this characterization should lead (after suitable formalization) to a Troelstra-style syntactic, axiomatic characterization of the provably modified-realizable sentences of first order intuitionistic arithmetic.
The present note aims to carry out this programme. It turns out, however, that the most straightforward approach runs into an unexpected obstacle: a combination of the axiom schemes which characterize, on the one hand, forcing, and on the other, realizability, proves inconsistent.
A slightly more delicate analysis yields an axiom scheme which is a partial solution to the characterization problem.
2 The theory HA(U ), forcing and realizability HA is the theory of first order intuitionistic arithmetic; we assume function symbols present for each definition of a primitive recursive function, as well as the axioms corresponding to the definitions. Induction for the full language.
We recall the definition of modified realizability for HA: for each HAformula ϕ, new formulas x ∈ D ϕ and x mr ϕ are defined, where x is a variable not occurring in ϕ.
Notation. T denotes the standard Kleene computation predicate; U the result-extracting function. We write xy for the result (if any) of the xth partial recursive function applied to y, so xy ≃ U (µz.T (x, y, z)); xy↓ abbreviates ∃z.T (x, y, z).
We assume primitive recursive coding of pairs ·, · with decodings p 0 , p 1 :
Furthermore we assume that our coding of pairs and partial recursive functions is done in such a way that 0 = 0, 0 and for all x, 0x = 0.
We use the notation Λx.t for a standard index of the partial recursive function sending x to t.
Type formulas. The basic type o is the type of natural numbers; if σ and τ are types, then so are σ → τ and σ × τ . The formula x ∈ o is identical to x = x. The formula x ∈ (σ → τ ) is ∀y(y ∈ σ → xy↓ ∧ xy ∈ τ ) and x ∈ σ × τ is
For any formula ϕ, D ϕ is the type of ϕ, defined as follows:
Note that D ϕ depends on the logical form of ϕ only.
The formulas x mr ϕ are defined as follows:
Note that x mr ϕ implies x ∈ D ϕ , for all ϕ.
Apart from modified realizability we shall also use Kleene realizability, denoted x r ϕ. See [2] for details.
Extend the language of HA by a propositional constant (0-ary relation symbol) U . The theory HA(U ) extends HA in the extended language; the only extra axioms are induction axioms for the full extended language. We consider the following translations between HA and HA(U ):
1. The Friedman translation (·) U from HA to HA(U ): for P atomic, (P ) U ≡ P ∨ U and (·) U commutes with all logical structure.
2. The "internal forcing" translations 0 −ϕ and 1 −ϕ from HA(U ) to HA:
1 − commutes with all logical operations; 0 − commutes with all logical operations except →;
Furthermore, we extend Kleene realizability to HA(U ) by the atomic clause:
x r U ≡ U First, we remark that Troelstra's characterization of Kleene realizability goes through without problems. The class of almost negative HA(U )-formulas is defined by: every quantifier-free HA(U )-formula is almost negative; if ϕ is a quantifier-free HA-formula, then ∃xϕ is almost negative; the almost negative formulas are closed under ∧, →, ∀.
ECTU is the axiom scheme:
where A(x) must be almost negative.
By a trivial adaptation of the methods of [2] we obtain:
Next, let us note the following basic properties of the translations (·) U and −:
where in i),ii),v) and vi), ϕ is an HA-formula, and in iii) and iv), ϕ is an HA(U )-formula. Now we relate modified realizability for HA to Kleene realizability for HA(U ) via (·) U and −, obtaining a formalized form of the characterization of truth in Mod , stated in the Introduction:
Lemma 2.3 For every HA-formula ϕ there are HA-terms s ϕ and t ϕ , containing at most the free variables of ϕ, such that the following are provable in HA:
Proof. The definition of the terms s ϕ and t ϕ is by recursion on ϕ, and completely routine.
Our final result in this section is a characterization of the HA(U )-formulas ϕ for which HA ⊢ 0 −ϕ. Consider the following axiom schemes of HA(U )-formulas:
where all formulas ϕ, ψ and ϕ(x) are supposed to be HA-formulas.
Lemma 2.4
i ) For every instance φ of either G, H or K we have
iii ) For every HA(U )-formula φ we have
Proof. i) is a straightforward verification. ii) is proved by induction on φ. By way of example we do the implication case φ → ψ. By induction hypothesis, φ → ψ ie equivalent to
By propositional logic and the valid implication 0 −φ → 1 −φ, this is equivalent to
Applying H and G to the second and third conjunct, we get
which is easily seen to be equivalent to
In a similar way, the scheme K is applied in the induction step for ∀. iii) follows from i) and ii): suppose HA ⊢ 0 −φ. It is then immediate from ii) that HA(U ) + G, H, K ⊢ φ. The converse follows from i).
Failure of a direct approach
Lemmas 2.3, 2.1 and 2.4 suggest that one could axiomatize mr-realizability as follows: Suppose φ is mr-realizable. Then by 2.3,
so by 2.1,
The converse could be proved, if one knew that the implication
were true. The following result shows that this is not the case, and that the reasoning above is, actually, completely uninformative:
iii ) The implication:
iv ) There is an instance F of the scheme H such that
Proof. i): If x r (U → φ) with φ U -free, then U → (x0↓ ∧ x0 r φ), since U → 0 r U . An application of G yields x0↓ ∧ x0 r φ. Hence Λx.x0 realizes every instance of G.
ii): We reason in HA(U ) + G, H + ECT U . The following sentence is (equivalent to) an instance of H:
Now ∃x.ex = 0 → U is almost negative; hence ECTU yields
Take a z satisfying (2) . By the recursion theorem, let e be such that (3) ∀y.ey ≃ ze Now assume U . Then ∃x.ex = 0 → U , so (2) gives
Clearly, ze = 0 gives a contradiction with (3), hence ze = 0. We have proved: U → ze = 0. By G, ze = 0. Now (3) gives ¬∃x.ex = 0, so e satisfies the hypothesis of (2) . By the conclusion of (2), (5) U as desired.
The inconsistency of HA + (0 −ECT U ) now follows easily.
iii): Let F be the instance of H, chosen in the proof of ii). Clearly HA ⊢ 0 −F . Also, we have
By i), the theory HA(U ) + ECT U + G is sound for r-realizability, hence
Therefore, HA ⊢ ¬(0 −∃x.x r F ). iv) is clear from iii).
Remark. Just to avoid any confusion: the system HA(U ) + ECT U + G, H, K is certainly consistent; the translation 1 − turns G, H, K into tautologies and ECT U into the scheme ECT 0 of [2] .
A Partial Characterization
In section 3 we considered the scheme ECT U which characterizes all realizable HA(U )-formulas; actually, we are more interested in realizable formulas of the form (ϕ) U . We shall work with the theory HA(U ) + G which is sound for realizability. Moreover,
Hence, if we can characterize over HA(U ) + G the realizable formulas of form (ϕ) U we have a partial result on the modified-realizable formulas. First, we simplify x r (ϕ) U somewhat. Define, for HA-formulas ϕ, the formula x r ′ ϕ by: x r ′ P ≡ P ∨U , for atomic P ; and r ′ has the same clauses as Kleene realizability. It is trivial to verify that the formulas ∃x(x r (ϕ) U ) and ∃x(x r ′ ϕ) are equivalent in HA(U ) + G.
Definition 4.1 The class of U -Harrop formulas is defined as follows: P ∨ U is U -Harrop, if P is an atomic HA-formula; the U -Harrop formulas are closed under ∧ and ∀; and if ϕ is U -Harrop and ψ is an arbitrary HA(U )-formula, then ψ → ϕ is U -Harrop.
Note at once, that U → ϕ is valid, for each U -Harrop formula ϕ.
Lemma 4.2 For each HA-formula ϕ, there is an almost negative U -Harrop formula A(x, ϕ) such that the equivalence
is provable in HA(U ) + G.
Proof. By induction on ϕ. If ϕ is an atomic formula P , let A(x, ϕ) be
To prove ( * ), suppose x r ′ (ϕ → ψ). By induction hypothesis
Since U → A(y, ϕ) we have
so applying G we find x ∈ D ϕ→ψ ; A(x, ϕ → ψ) also follows. The converse is just as straightforward. For ∃yϕ(y) let A(x, ∃yϕ(y) be A(p 1 x, ϕ(p 0 x)). For ∀yϕ(y) let A(x, ∀yϕ(y) be ∀yz(T xyz → A(U z, ϕ(y))). The proof of ( * ) in these cases is left to the reader.
Definition 4.3
The following principle will be called CST for "Choice for Subtypes":
where σ and τ are types, and A(x) and B(y) must be almost negative UHarrop forlulas.
for every instance F of the principle CST.
ii ) HA(U ) + G + CST ⊢ (ϕ) U ↔ ∃x(x r ′ ϕ) for every HA-formula ϕ.
The proof is straightforward and omitted.
Remarks.1. We have obtained an interpretation ϕ → [∃x(x r ′ ϕ)] from HA to HA(U ) + G which is characterized over HA(U ) + G by the principle CST, and which is such that 0 −∃x(x r ′ ϕ) is equivalent to ∃x(x mr ϕ). In principle, the set of sentences ϕ such that HA(U ) + G proves r ′ -realizability of ϕ, is a subset of the set of those ϕ for which HA proves the modifiedrealizability. These sets would be equal, if we could establish the following Conjecture. HA(U ) + G, H, K is conservative over HA(U ) + G w.r.t. almost negative U -Harrop sentences.
To see that the conjecture suffices, one observes that HA(U ) + G, H, K has the numerical existence property and is conservative over HA; and uses Lemma 4.2. However, at present I don't know how to establish (or disprove) the conjecture.
2. The characterization over HA(U ) + G can not be easily replaced by a characterization over HA using 0 −: the principle 0 −CST is inconsistent, by the argument of proposition 3.1: the relevant formulas are almost negative U -Harrop formulas.
3. In HA(U ) + G + CST one can prove the following principle Pr(U ) which states that U is a "prime element" in the Lindenbaum algebra of HA(U ) + G + CST : Pr(U ) ((A → U ) → ∃xBx) → ∃x((A → U ) → Bx) which extends the U -translation of the "Independence of Premiss" principle.
